The dynamics of a resonantly excited thin cantilever with an active controller are investigated experimentally. The controller mimics a passive wideband absorber discussed in the accompanying theory paper. Lead-zirconate-titanate patches are bonded to both sides of the beam to actuate it, while an electromagnetic shaker drives the beam near resonance. An active controller consisting of an array of coupled controllers is developed, such that the governing equations for the controller are quadratically coupled to the resonating system. The control signal, in terms of the motion of the controllers, is quadratically nonlinear. It is shown that the slow time-scale equations of this physical system are identical in form to those for the passive wideband vibration absorber. The controller is implemented using modelling software and a controller hardware board. Two sets of experiments are performed: one with a constant excitation frequency and the other with a linearly varying excitation frequency at a slow sweep rate (non-stationary excitation). The experimental results verify the analysis presented for the passive wideband autoparametric vibration absorber. The experiments also demonstrate the effectiveness of the absorber in reducing the response amplitude of structures, and its robustness to frequency mistuning.
Introduction
The autoparametric vibration absorber uses the energy transfer between modes associated with quadratically coupled, 1:2 internally resonant, multi-degree-of-freedom systems that are subjected to a primary resonant excitation (Nayfeh & Mook 1979; Sethna 1965) . A review of theoretical analyses of the autoparametric system is given in the accompanying paper (Vyas et al. 2004) . Khajepour & Golnaraghi (1997) introduced an active nonlinear control strategy based on the autoparametric vibration absorber. The quadratic coupling between the structure and the virtual second-order controller was achieved through a computer with digital signal processing hardware. The control strategy was used to suppress free and resonantly excited vibrations of a cantilever beam. Piezoelectric patches were attached to the beam for sensing and actuation. Oueini et al. (1999) presented detailed analytical and experimental investigations for such an active controller. They used the method of multiple scales to synthesize the control strategy. The effect of user-defined parameters and system parameters on the performance of the active absorber was studied analytically for transient and steady-state responses using different scalings. In their experimental works, Oueini et al. (1999) used lead-zirconatetitanate (PZT) patches and magnetostrictive (Terfenol-D) actuators. The controller frequency was coarsely tuned to half the frequency of the controlled-beam mode. This was followed by an heuristic fine tuning of the controller frequency, depending on the excitation, to achieve maximum suppression of the beam response. Ashour & Nayfeh (2002) implemented the active nonlinear vibration controller based on the autoparametric vibration absorber to control the vibrations of a resonantly excited plate. Piezoelectric ceramics and magnetostrictive alloys were used as actuators in the study. proposed a modification of this active control strategy by adding a negative velocity feedback to the system. also investigated autoparametric vibration absorbers based on higher-order (1:3 and 1:4) internal resonances. In both cases, the controller strategies developed were verified by active control implementation using piezoelectric patches as sensors and actuators. Yabuno et al. (1999) used an autoparametric absorber to stabilize subharmonic resonance of order 1 3 . The primary system was excited harmonically through a magnetic force, thus introducing a nonlinear spring stiffness to the primary system. A damped pendulum system in 1:2 internal resonance with the primary system was used as an autoparametric vibration absorber. It was shown both theoretically and experimentally that the non-trivial steady-state large-amplitude motion corresponding to the subharmonic response of order 1 3 could be stabilized by the pendulum in 1:2 internal resonance. Vyas & Bajaj (2001) introduced the concept and working principle of a wideband autoparametric vibration absorber consisting of n slightly mistuned (from 1:2 internal resonance) uncoupled pendulums that were attached to the primary system. Vyas et al. (2004) reviews the work in Vyas & Bajaj (2001) and investigates the dynamics of a generalized wideband absorber wherein weak linear elastic springs are introduced to couple pendulums in the array to their nearest neighbours. Both stationary response and bifurcations in periodic solutions, and non-stationary solutions in the presence of slow linear frequency sweeps through the resonance region are considered. A key conclusion of this work is that the use of properly tuned multiple absorbers can reduce the response of the primary system and maintain it relatively constant over a large frequency interval. Furthermore, a properly designed nearest-neighbour coupling stiffness can lead to an enhancement in wideband absorber performance especially under non-stationary excitation. In this study, a wideband autoparametric vibration-absorber-based active nonlinear controller strategy is developed and implemented on a resonantly excited cantilever beam. PZT patches bonded to both sides of the beam act as actuators. The controller is implemented using a dSPACE 1103 controller board installed in a PC. The controller is modelled using Simulink modelling software. The closedloop dynamics of the harmonically excited beam with nonlinear feedback controller is studied using the method of averaging. The averaged equations are shown to have the same structure as those presented in Vyas et al. (2004) for the wideband absorber. With this understanding, experiments are conducted to highlight, experimentally, the unique nonlinear phenomenon such as 'switching' and 'mode-localization' that are observed in the theoretical analysis of the system. The beam is also subjected to non-stationary excitation with slowly varying excitation frequency to study the non-stationary response of the system.
The work is organized as follows. Section 2 describes the physical set-up and governing equations of motion for the beam and PZT patches. Section 3 develops a controller strategy mimicking the wideband autoparametric vibration absorber. The closed-loop system (beam with controller) is analysed and averaged equations of motion for the system are presented. Section 4 describes the experimental set-up. Section 5 presents the experimental results followed by a discussion for the specific cases. The work ends with a brief conclusion.
Physical set-up and equations of motion
A test structure consisting of a thin cantilevered steel beam, as shown in figure 1, is constructed to experimentally demonstrate vibration suppression using an autoparametric vibration absorber with multiple oscillators. PZT patches in the form of thin strips are bonded to the beam on both the upper and lower surfaces. An active nonlinear control strategy mimicking a wideband autoparametric vibration absorber with multiple pendulums (Vyas et al. 2004 ) is developed in the next section to provide a control voltage to the PZT patches. A strain gauge is bonded near the PZT patches on the beam to generate a feedback strain signal for the controller. The dimensions and properties of the beam and the actuator are listed in table 1.
On activation with voltage, the PZT patches apply a bending moment to the beam. The resultant internal moment is assumed to be uniformly distributed over the length of the actuators. Following the actuator models in Fanson & Caughey (1990) , the internal bending moment, M (x, t), is approximated by where h(x) is the Heaviside step function, V a (t) is the control voltage applied from the digital controller, and x 1 and x 2 are the end locations of the PZT patches on beam (figure 1). K A is a constant depending on the physical properties of the PZT patches and piezo-amplifier gain. The PZT moment parameter K A is given by (Fanson & Caughey 1990 )
where d 31 is a piezoelectric coefficient, E a is the Young modulus of the PZT material, b is the width of PZT patches, t a and t b are the thickness of the patches and the beam, respectively, and K is the piezo-amplifier gain. The deflection of the beam and the motion of the shaker are denoted by y(x, t) and y 0 (t), respectively, as shown in figure 2. Oueini et al. (1999) simplified the governing equation of motion of the beam to uncoupled modal equations using the linear undamped mode shapes φ i (x) of the cantilevered beam. Following Oueini et al. (1999) , the modal equations for the cantilever beam are (in a non-inertial reference frame attached to the base)
where
and where ω bj and ξ bj are the natural frequency and damping ratio of the jth mode of the cantilever beam. In addition, L is the length of the beam, ρ is its mass density, A is the cross-sectional area and a prime here denotes partial derivative with respect to x. Note that the actuator moment is dependent on the difference in the slopes of the mode shapes at the ends of the actuator. Furthermore, the beam is assumed to be linear, while all the nonlinearity in the system arises from the controller.
Development of an active control strategy
An active quadratic feedback controller, motivated by the dynamics of the wideband autoparametric vibration absorber (Vyas et al. 2004) , consists of multiple controllers (multiple pendulum absorbers) governed bÿ . . . , n, (3.1) where
; ξ i is the damping constant, ω i the natural frequency, and g ci is the constant gain for the ith controller, and k i(i+1) is the coupling between the ith and the (i + 1)th controllers. The 'length fraction' constants (Vyas et al. 2004) , ν i , are retained in the controller equations to mimic the multiple pendulum absorber. Position feedback of the form uv i is used for quadratic coupling between the controllers and the plant. Other forms of quadratic position, velocity or acceleration feedback terms can be uv i ,uv i and (üv i ,üv i ), respectively (Oueini et al. 1999) . These terms, however, lead to qualitatively similar dynamics to those for the position feedback uv i , and are not discussed further. The control or actuation signals F ci (t) include quadratic terms such as v
The dynamics corresponding to either of these actuation terms or their combinations are similar. In the present study, the v 2 i term is used in the control signal. This form of control input was also suggested by Fanson & Caughey (1990) , and more recently suggested in Khajepour & Golnaraghi (1997) , Oueini et al. (1999) and .
(a) Controller equations with strain-gauge feedback
Controller equations developed in (3.1) are used with strain feedback as a form of position feedback. The strain-gauge sensor located on the beam at x 3 (figure 1) is used to obtain the strain signal. From linear Bernoulli-Euler beam theory, the strain measured at location x 3 can be expressed in terms of the modal coordinates u i (t), and the mode shapes of the beam φ i (x), as
The controller equations with strain feedback can now be written as . . . , n, (3.3) where
is the feedback gain amplifying the strain-gauge signal and is effective for all the controllers. Other parameters are as defined earlier for equations (3.1). The control signal in terms of the controller responses is given by
where G c is the control gain effective for all the individual controllers in this multiplecontroller strategy and G i is the control gain acting on the ith controller. A block diagram of the system with controller is shown in figure 3 .
(b) Asymptotic analysis of the equations for beam and controller
Having defined the control voltage V a (t) in terms of the dynamics of the controller, an approximate analysis of the equations of motion of beam with PZT actuator is carried out in this subsection. The shaker excitation is assumed to be harmonic:
where F 0 is the amplitude and Ω is the frequency of shaker excitation. Also, the excitation frequency is near the natural frequency of the beam for its jth mode, that is, Ω ≈ ω bj . It is assumed that the dynamics of the other modes are negligible, that is, u i ≈ 0 if i = j. Using equations (3.4) and (3.5), the equation of motion of the resonant jth mode can be written as
The condition of external resonance is made explicit by defining an external mistuning σ b from the external resonance,
where is a scaling parameter such that 0 < 1. The condition of internal resonance is made explicit by defining internal mistunings d i , i = 1, 2, . . . , n, from perfect 1:2 resonance between the linear natural frequencies of controllers and the frequency of the excited jth mode. Thus,
Setting d i = 0 implies perfect internal resonance between the controller frequencies and the resonant mode frequency. The negative sign in equation (3.8) is to keep the definitions of internal mistunings consistent with those defined in Vyas & Bajaj (2001) and Vyas et al. (2004) . The controller equations (3.3) and the resonant mode equation (3.6) are nondimensionalized by using τ = Ωt as follows: 2, . . . , n; (3.10) and
and where a prime denotes derivative with respect to the non-dimensional time τ . The method of averaging is now used to determine the amplitude equations that approximate the solutions of the closed-loop system (beam and controller). Introducing scalings in terms of the scaling parameter used earlier for defining mistunings,
where the scaling parameter restricts the system to small forcing, small motions, small dampings and near resonance with α near 1. The scaling ofk j(j+1) weakly couples the controllers. Note thatĝ eci δ i > 0, i = 1, 2, . . . , n, for closed-loop system stability (Nayfeh & Mook 1979) . Following Vyas et al. (2004) , the resulting first-order averaged equations in polar form are
The variables a b and a 1 , a 2 , . . . , a n represent, respectively, the amplitudes of the beam and the controller's response. The averaged equations (3.13) for the active controllers match exactly the averaged equations presented in the theoretical study (Vyas et al. 2004) . However, unlike the values fixed by the physical constraints in the pendulum system, the feedback gains here can possess arbitrary values and thus present enormous flexibility.
(c) Effect of user-controlled parameters
It was shown in the analysis with uncoupled pendulums (Vyas & Bajaj 2001 ) that, almost always, only one pendulum and the primary system have non-zero steadystate response over the frequency interval for which the single-mode solution (motion with only the primary system responding) is unstable. For this reason, the results of a single-pendulum active controller are likely to indicate the effect of parameters for the active control strategy with multiple controllers. The active control strategy with a single controller (corresponding to a single-pendulum absorber) has been studied previously in the literature (Khajepour & Golnaraghi 1997; Oueini et al. 1999) and is reviewed here for its relevance to system with multiple controllers. Oueini et al. (1999) used stability and bifurcation analysis of the approximate solutions for a single active controller to determine the effects of the control and the feedback gains on the transient and steady-state performance of the controller. They found that the control gainĜ ei does not affect the controller transient response and the steady-state response of the plant. It affects only the steady-state amplitude of the controller. They also observed for a single-pendulum controller that, as the value of feedback gainĝ eci was increased, the transient response became more oscillatory although the plant steady-state amplitude was reduced. Thus, for a single-pendulum controller, the choice of feedback gain value presents a compromise between the reduced steady-state amplitude of the plant, and the settling time and oscillatory transient response characteristics.
Experimental results for the multiple active controllers case presented in this study corroborate our assertion that the effects of control and feedback gains are same as those observed for a single active controller.
For a controller to be in action, the single-mode response should be destabilized. The critical value of the excitation amplitudeF , needed to destabilize the singlemode response (only the beam undergoing resonant oscillations), and the effective bandwidth of controller, are dependent on the controller parameters. To illustrate this, consider the case of uncoupled controllers, k j(j+1) = 0, and the system of quadratic equations that determine the eigenvalues of the Jacobian matrix corresponding to the single-mode solution (controllers have zero motion)
The first equation here corresponds to perturbations in the beam motion, whereas the latter n equations arise due to perturbations in the controller motions. These latter n equations then yield the following conditions for the destabilization (zero eigenvalues) of the single-mode solution:
Note that the controllers with extremal mistunings d i are critical in determining the frequency range of the controller. The critical value of forcingF decreases with decrease in controller damping and it can also be reduced by increasing the feedback gainĝ eci of the controller.
Experimental set-up
A schematic of the experimental set-up is shown in figure 4 . The set-up consists of a power amplifier for driving the shaker, a piezo-amplifier, a strain-gauge signal conditioner, a laser displacement sensor and a dSPACE 1103 controller and data acquisition card in a Pentium computer. The dSPACE Real-Time Workshop is used to generate a C code from the Simulink model that includes a signal generator block along with the controllers, to provide input signal to the power amplifier. The details of the equipment are listed in table 2.
The steel beam is mounted on the shaker, which is driven by a power amplifier. The frequency and amplitude of the shaker input can be controlled by the software interface of the dSPACE system. The base motion of the shaker is measured by a laser triangulation sensor. Because the controller is digital, the strain signal from the conditioner is sampled using an analog-to-digital converter. The digitized unfiltered strain signal is then used by the multiple controllers to generate an actuator voltage signal. An analog actuator voltage signal generated using a digital-to-analog converter is then amplified using a piezo-amplifier before application to the PZT patches.
Approximate values of the first two natural frequencies for the beam are obtained from the peaks in the frequency transfer function of the beam excited by white noise. The first two natural frequencies for the beam used are ω b1 ≈ 50.65 rad s −1 and ω b1 ≈ 295.30 rad s −1 . Note that these frequencies are calculated with PZT patches in open circuit configuration. The first two modal damping values found by the halfpoint method (Ewins 2000) are ξ b1 ≈ 0.004 and ξ b2 ≈ 0.009. Note also that the modal damping values of the beam are not required for implementing the controller. However, inaccuracies in the determination of the natural frequency of the plant are an important source of error in the experiments. Specifically, the errors in plant natural-frequency estimation effect the internal mistuning of the controllers.
Experimental results and discussion
Two sets of experimental results are discussed: (i) the effectiveness of the controllers in suppressing periodic responses of the beam subject to stationary frequency excitation is demonstrated; (ii) the response of the system subjected to linearly time varying frequency excitation across resonance is considered (non-stationary excitation). Note that all the results presented in this study are for the attenuation of response of the first mode of the beam.
The averaged equations (3.13) are used to determine the feedback gains g ci , and control gains G i , of the controllers. The scalings, equations (3.11) and (3.12), suggest that the control and feedback gains are of order ω 2 b . The scaling parameter δ i in equation (3.12) further scales the total controller gainĜ ei by a factor of 4. As a result, the individual control and feedback gains are set to 4ω 2 b and ω 2 b , respectively. The control gain G c , and the feedback gain G f , effective for all the controllers, are fine-tuned by trial and error. Note that the strain-gauge signal obtained from the signal conditioner is rescaled to its value without signal-conditioner amplification.
The feedback gain G f is then applied to this unamplified signal and fed to the controllers. The initial conditions for the controller equations are chosen arbitrarily close to zero. The parameters ν i corresponding to length fractions in the passive multiplependulum absorber are chosen to be 1 for all the experimental results presented in this study. increases. At t ≈ 255 s, the feedback gain G f is reduced from 40 to 10 and then, at t ≈ 315 s, it is further reduced to 1. It can be observed that the steady-state amplitude of the beam response increases as the feedback gain G f is reduced. Also note that now the controller with natural frequency ω 2 is active and has a non-zero steady-state response, while the response of the other controller decays continuously.
The above results clearly demonstrate the effectiveness of the controller in attenuating large-amplitude resonant vibration of the beam. Recall the results of the theoretical study reported in Vyas et al. (2004) and Vyas & Bajaj (2001) . There, the stability analysis of equilibrium solutions for the system with uncoupled pendulums predicted that, except for a measure zero set of values of the excitation frequency, only one pendulum has a stable non-zero steady-state response over the frequency interval for which the single-mode solution is unstable. Experimental results in figures 5 and 6 clearly show that only one controller has non-zero steady-state amplitude while the other controller (controller '2' in figure 5 and controller '1' in figure 6) decays to zero. The two different excitation frequencies for figures 5 and 6 were chosen in such a way that the controller with non-zero steady-state amplitude is switched from '1' in figure 5 to '2' in figure 6, thereby demonstrating the 'switching' phenomenon (Vyas & Bajaj 2001) .
Furthermore, the steady-state amplitude of the beam response with the controller active (figure 5) remains unchanged on increasing the amplitude of excitation, while the amplitude of the response of the controller increases. This clearly depicts the saturation phenomenon. The effect of increasing the control gain (figure 6) is equivalent to increasing the excitation amplitude. Again, the steady-state beam response with active controller remains unaffected by an increase in control gain while the response of the controller '2' increases.
(b) Steady-state response with coupled active controllers
The next set of experiments was performed with the controller consisting of two coupled controllers. As before, the responses of the beam and the controllers were measured at two different excitation frequencies. Figure 7 shows the responses of the beam and the coupled controllers at excitation frequency Ω = 49.83 rad s −1 that corresponds to σ b = 1.5. The coupling gain k 12 is set to unity, which corresponds to non-dimensionalized stiffnessκ 12 ≈ 0.04 (equations (3.12)). Other parameters, controller natural frequencies, dampings, feedback and control gains, for figure 7, are identical to those used in § 5 a (figure 5). The amplitude of the base excitation is maintained at ca. 0.15 mm. At t ≈ 50 s the controllers are activated. It can be observed that steady-state amplitude of the beam response is larger than that obtained for uncoupled controllers with same controller parameters. Also, note that the steady-state amplitude of the controller '1' response, with ω 1 = 1 2 Ω = 24.92 rad s −1 , is much larger than that of the controller '2' response. Figure 8 shows the response of the beam and controllers for the same parameters used above, at an excitation frequency Ω = 50.82 rad s from 0.1 and it is observed that steady-state amplitude of the beam response remains unchanged, although the amplitude of controller '2' nearly doubles. At t ≈ 210 s, the feedback gain G f is reduced to 10 from 40 and the beam vibrates with approximately three times the amplitude for G f = 40. The controller '1' with internal mistuning, d 1 = 1.5, has a much smaller steady-state amplitude than that of controller '2' with internal mistuning d 2 = −0.35 (the amplitude for controller '1' is ca. 5% of that for controller '2' at t ≈ 380 s). Figure 9 shows the beam and controller responses as the amplitude of base excitation is increased from 0.25 to 0.45 mm in three steps. The excitation frequency is Ω = 49.83 rad s −1 , corresponding to external detuning σ b = 1.5. The coupling gain k 12 and the natural frequencies of the controllers, ω 1 and ω 2 , are identical to the previous cases. The controller parameters considered are the dampings, ξ 1 = 0.0004 and ξ 2 = 0.0008; the control gain G c = 0.01 and the feedback gain G f = 100. The feedback gain is increased to 100 from 40 to reduce the steady-state amplitude of the beam response with controller. Note that the controller dampings are different for this case.
In figure 9 the controllers are switched on at t ≈ 70 s and are allowed to reach a steady state before increasing in excitation amplitude. The peak-to-peak forcing amplitude is increased from 0.25 mm (at t ≈ 70 s) to 0.45 mm (at t ≈ 400 s) in three steps. The increase in the amplitude of excitation results in transients; however, it is clear that the steady-state amplitude of the beam response remains unaffected. At t ≈ 465 s, the controllers are deactivated by first turning off the feedback gain, G f and then the control gain, G c . G c is turned on at t ≈ 520 s and G f is turned on at The responses of the coupled controllers in figure 7 clearly show that the steadystate amplitude of controller '1' is much larger than that of controller '2', thus demonstrating the mode-localization predicted in the theoretical study with coupled pendulums. Because the excitation frequency for the results in figure 7 is set to one-half of the uncoupled natural frequency of controller '1', the steady-state response of controller '1' is prominent. Also, because the coupling between the controllers essentially mistunes the system from perfect 1:2 internal resonance, the steady-state amplitude of the beam is larger than that obtained for uncoupled controllers in figures 5 and 6. The effect of mistuning can be countered by increasing the feedback gain to reduce the amplitude of the beam response. The results in figure 8 are for the excitation frequency equal to half the controller '2' uncoupled natural frequency and thus the controller with larger steady-state amplitude is controller '1' instead of '2' in the figure.
The effect of the control gain and the feedback gain for the case of coupled controllers is illustrated by the results in figure 8 . The steady-state beam response remains unaffected to the changes in control gain. However, the amplitudes of controller response increase when the control gain is increased. The steady-state amplitude of the beam clearly increases with a decrease in the feedback gain. Thus, the control and feedback gains have the same effects for the uncoupled (figure 6) and coupled controllers systems. Figure 9 shows that the saturation phenomenon observed for the uncoupled controllers is also intact for the coupled controllers. It is important to note that for the results in figure 9, the controller dampings are different and correspond to the case of modally coupled pendulums in Vyas et al. (2004) . Numerical simulations presented there suggest that the saturation phenomenon is not removed by coupling of pendulums. Experimental results in this study further validate the simulation results.
(c) Non-stationary response of the beam and the controller
Experiments are now conducted to study the response to non-stationary excitation of the first mode of the beam and controllers. The excitation frequency is linearly evolved through the resonance region at a fairly small sweep rate, O( ). The response is obtained for systems with one and three controllers, corresponding to one-pendulum and three-pendulum vibration absorbers. The controllers' natural frequencies for the chosen internal mistunings, d i , are calculated using equation (3.8). The scaling parameter in equation (3.8) is set to = 0.01. The amplitude of the base excitation is ca. 0.30 mm for all the results of non-stationary response presented here.
The controller is expected to be most effective when the external detuning is equal to or near (for the coupled case) to the internal mistuning. The responses are plotted for a few cases as a function of the external detuning to facilitate discussion of the results. Note that the external detuning and the excitation frequency are related by equation (3.7) and at Ω = ω b = 50.66 rad s −1 the external detuning is zero. Figure 10 shows the beam response to non-stationary frequency sweep excitation for the uncontrolled system. The frequency of excitation is linearly decreased from Ω = 53.05 rad s The above results are now discussed in relation to the predictions of analyses for the stationary and the non-stationary cases. Results for the stationary response predict that the single controller will be most effective at an excitation frequency which is twice the natural frequency of the controller, Ω = 2ω 1 = 51.35 rad s −1 (perfect 1:2 internal resonance). Noting that the controller response is small until Ω ≈ 51.20 rad s −1 , the pitchfork bifurcation leading to a non-zero controller response is delayed under the non-stationary excitation. This is in complete agreement with the characteristic pitchfork bifurcation delay predicted in analytical studies of non-stationary response of dynamical systems (Haberman 1979; Mitropolskii 1965; Raman et al. 1996) and specifically, the wideband absorber (Vyas et al. 2004) . Also, observe that the saddle-node bifurcation occurring at Ω ≈ 49.30 rad s −1 in figure 11 is more rounded and smooth. The pitchfork bifurcation delay is evident in all the results presented for the non-stationary excitation. Figure 14 shows the beam and controller responses for the previous three uncoupled controller system when the excitation frequency is decreased linearly at a faster sweep rate of −0.01 rad s −2 from Ω = 53.05 rad s −1 . Recall now the simulation results for the wideband absorber (Vyas et al. 2004 ) that predicted a decrease in delay in the pitchfork bifurcation as the number of pendulums increases. The pitchfork bifurcation delay for a single controller (figure 11) can be compared with the pitchfork bifurcation delay in the non-stationary response for three uncoupled controllers (figure 12). Note that controller '3' of the three-controller system has the same parameters as those for the single-controller system in figure 11. Controller '3' gets activated or destabilized near Ω ≈ 51.70 rad s −1 compared with Ω ≈ 51.20 for the single-controller system when the excitation frequency is decreased at the same sweep rate of −0.005 rad s −1 starting from Ω ≈ 53.05 rad s −1 . One can also see that the controller '1' response destabilizes at σ b ≈ 1.80. Because controllers '2' and '1' have the same parameters, our analysis predicts that the degenerate bifurcation and thus the 'switching' from one double-mode to the other will occur at σ b = 1.65. This shows that the degenerate bifurcation is also delayed in the nonstationary response, corroborating the theoretical results. Considering the responses of the beam and controllers in figure 14 for a faster sweep rate, we observe a very nominal increase in delay with increase in sweep rate.
(ii) Coupled controllers
The experiments are also performed for the beam with three controllers which are identical to those used earlier, except that now the controllers are coupled with k 12 = k 23 = 1. Figure 15 shows the response of the beam and the controllers as the excitation frequency is linearly decreased from Ω = 53.05 rad s −1 (σ b = −4.4) at a sweep rate of −0.005 rad s −2 . Figure 16 shows the same responses when the excitation frequency is increased linearly from Ω = 47.98 rad s −1 at a sweep rate of 0.005 rad s −2 . It can be observed that the non-stationary response of the beam is fairly attenuated for values of excitation frequencies equal to twice the value of the controller's natural frequencies. At other excitation frequencies in the absorber bandwidth, the amplitude of beam response is large enough for us to reconsider the dampings used in the controller. With this in mind, experiments were conducted with increased controller dampings for the three controllers case, with ξ 1 = ξ 2 = 0.0008 and ξ 3 = 0.0016. The controller natural frequencies and control gains are same as those used for the threeuncoupled-controllers case. The feedback gain chosen was G f = 60 for these results. The coupling gains between the controllers were again kept at k 12 = k 23 = 1 units. Figure 17 shows the response of the beam and controllers as a function of external detuning. The frequency is linearly decreased from Ω = 53.05 rad s −1 with a sweep rate of −0.005 rad s −2 . It is evident that the amplitude of the beam response is smaller over the frequency range as compared with that obtained for lower controller damping values in figure 15 .
The analytical study with coupled pendulum absorbers had suggested that the degenerate bifurcation is removed when the pendulum motions are modally coupled (Vyas et al. 2004) . Because pendulums with unequal dampings were found to be modally coupled, we should expect that the non-stationary results for the three coupled controllers system with unequal dampings would show elimination of any delay due to degenerate bifurcation. Consider the responses for decreasing and increasing excitation frequency sweeps (figures 15 and 16). The frequencies at which a particular controller switches differs for the two opposite sweeps, indicating some delay, and, furthermore, the difference in the frequencies is approximately same as that observed for increasing and decreasing excitation frequency sweeps results presented for the system with three uncoupled controllers (figures 12 and 13). This apparently is in contradiction to the theoretical prediction for the case of modally coupled pendulums, and requires more explorations before any conclusions can be drawn. 
Conclusions
An active controller strategy imitating the passive wideband autoparametric vibration absorbers (Vyas & Bajaj 2001; Vyas et al. 2004 ) was developed and implemented on a resonantly excited cantilever beam to suppress its vibrations. The experiments were performed with coupled and uncoupled controllers, imitating coupled and uncoupled pendulum systems, at different excitation frequencies. The experimental results were also presented for non-stationary excitation of the beam. The experimental results demonstrated the mode-localization phenomenon and delay in bifurcations for the non-stationary response, thereby confirming the analytical conclusions. Unlike the single-controller case, multiple controllers provide adaptivity to internal resonance mistuning. The experiments performed in this study are aimed at validating the wideband autoparametric vibration absorber. One distinct advantage of the active controllers is that unlike the pendulum system, it can possess arbitrary values for control and feedback gains. Future work will focus on improving the controllers through the identification of optimal feedback and control gains.
